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Abstract:We study the connection between asymptotic symmetries in non-Abelian gauge
theories and the generalised coherent states following from the application to QCD of the
Faddeev-Kulish approach to asymptotic dynamics. We compute the large gauge trans-
formation properties of the soft evolution operators and use this to define the quantum
corrected, non-linear contribution to the asymptotic charges. We then compute the one-
loop, leading IR-divergent, correction to matrix elements of the charges inserted between
dressed scattering states and show that the results depend on a particular order of soft lim-
its. For one choice of ordering we find that the conservation law for the asymptotic charges
is not corrected, while for a second we find a correction proportional to the one-loop soft
current.
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1 Introduction
The study of the infrared behaviour of gauge theory scattering amplitudes has a long his-
tory and in the case of QED has essentially been understood since the work of Bloch and
Nordsieck [1], though it has been refined over the years [2–5]. The standard approach in-
volves the computation of amplitudes which are formally singular, they in fact vanish after
exponentiation of the perturbative divergences. One then focuses on inclusive quantities in-
volving arbitrary numbers of real soft-photons which cancel the IR-divergences from virtual
photons in loops. An alternative approach is to directly formulate infrared-finite S-matrix
elements by choosing appropriate asymptotic states. For QED this approach where the
asymptotic states are not eigenstates of the photon number operator but rather have the
form of coherent states, was, starting from the work of Chung [6], developed by a number of
authors, e.g. [7–10]. Faddeev and Kulish, building on the work of Dollard for the Coulomb
problem in non-relativistic quantum mechanics [11], related the structure of these coherent
states to the form of the large-time Hamiltonian [12]. The approach was partially extended
to the much more complicated case of non-Abelian gauge theory [13–17], [18–23] and more
recently to perturbative gravity [24].
The observation that asymptotic conservation laws, which follow from Noether’s second
theorem [25] for large gauge transformations, pave the way to understanding the infrared
dynamics of gauge theories [26, 27]1, has lead to a renewed interest in the study of coherent
1See [28] for a review and more complete references.
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state operators and soft-dressing more generally [29–37]. It has already been demonstrated
that for QED [31] and perturbative gravity [33] the coherent states relevant to the construc-
tion of an infrared finite S-matrix follow from the symmetry of asymptotic charges. The
existence of an infinite dimensional symmetry group has lead to the interpretation of the
QED vacuum as being degenerate and that scattering processes are accompanied by a shift
in the vacua. Infrared divergences due to massless particles which result in the vanishing
of S-matrix elements are thus connected with the "wrong" choice of the in- and out-vacua,
and a cure can be sought in a systematic way by considering the asymptotic charges. An
analogous statement can be made for perturbative gravity, using BMS supertranslation
charges to find suitable asymptotic states for an infrared-finite gravity S-matrix.
The corresponding understanding of QCD infrared dynamics is significantly less com-
plete. Compared to QED, the natural complication that arises is that gauge bosons self-
interact in a non-trivial way. The persistence of these non-trivial self-interactions at early
and late times is central to the behaviour of the infrared properties of QCD. It is our aim
here to understand the connection between asymptotic symmetries in non-Abelian gauge
theories and generalized IR leading coherent states. We will follow the approach of S.
Catani, M. Ciafaloni and G. Marchesini, [18–22] (see [38] for an introduction) which uses
energy ordering in each interaction to systematically organise the divergences due to soft
gluons. We will focus on the leading soft-divergences though the method can be extended to
include sub-leading divergences. Non-Abelian gauge theories of course also have collinear
divergences which have for most part been neglected in the coherent operator approach
though there is some interesting recent work in this direction [39, 40].
After reviewing the asymptotic charges and Hamiltonian for QCD, we consider the
transformation properties of the soft-evolution operators. In particular, we show how the
soft-evolution operators can be viewed as generating the non-linear part of the charge from
the linear part. This implies the existence of an infinite sequence of quantum corrections
to the non-linear charge. The main result of this paper is the computation, at leading IR
divergence, of the one-loop corrections to the Ward identity of the asymptotic charge which
is related to the soft gluon theorem. We demonstrate explicitly that the contribution from
the soft gluon dressing factor cancels the contribution from the one-loop soft factor in QCD
([41–43]), showing that the asymptotic charge produces a vacuum that is orthogonal to all
scattering states built on the original vacuum as in [31]. We will see that this result depends
on the precise prescription for the order of the soft limits in the dressing factor which is
analogous to the order of limits in defining the charge at loop order [44, 45]. Using the
same prescription we find that the Ward identity receives no corrections at one-loop and
leading IR-divergence.
Preliminaries Perturbative computations are relevant in QCD as they are related to ex-
perimental observables due to two important properties: asymptotic freedom and factori-
sation. Confinement naturally sets a scale ΛQCD such that for partons to be well-defined
objects we require the existence of a lower cutoff
λ = Qmin  ΛQCD (1.1)
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on the lowest momentum transfer Qmin. Perturbative quantities are related to physical
cross-sections by convolution with non-pertubative but universal objects, e.g. parton distri-
bution functions. We will consider asymptotic states formed by acting on the Fock vacuum
with creation/annihilation operators for the hard incoming or outgoing partons (i.e. massive
quarks or gluons) ∏
`
b†α`,σ`(p`) |0〉 = |{p`, α`, σ`}〉 (1.2)
which are labeled by momenta p`, colour indices α` (corresponding to the fundamental
representation for quarks and the adjoint for gluons) and helicity indices σ` as appropriate.
We will consider n-particle IR divergent S-matrix elements between such asymptotic
states
Mn({p`, α`, σ`}) = 〈0|
( ∏
`∈out
bα`,σ`(p`)
)
S
(∏
`∈in
b†α`,σ`(p`)
)
|0〉
= gn−2YM
∞∑
L=0
g2LYMM(L)n ({p`, α`, σ`}) (1.3)
which give the usual scattering amplitudes. The behaviour of such amplitudes as indi-
vidual gluons become soft and the relation to the asymptotic charge plays a key role in
our work. In particular, the charge Qlin involves soft gluon creation/annihilation operators
aa†σ (ωq)/aaσ(ωq) with vanishing gluon energy ωq ' 0, and we must thus consider matrix
elements of the form
〈out|Qlin S|in〉 ∼ 〈out| lim
ωq→0
aaσ(ωq)S|in〉 (1.4)
with a careful interpretation of the limit. At tree level it is clear that
〈out| lim
ωq→0
aaσ(ωq)S|in〉 = lim
ωq→0
〈out|aaσ(ωq)S|in〉 = lim
ωq→0
M(0)n+1({q, a, σ}) . (1.5)
These terms can be computed using the tree-level soft-gluon theorem
lim
ωq→0
M(0)n+1({q, a, σ}, {p`}) = gYMJ (0)aσ (q)M(0)n ({p`}) (1.6)
with the soft-current given by
J (0)aσ (q) =
[ ∑
`∈out
p` · εσ(q)
p` · q t
a
` −
∑
`∈in
p` · εσ(q)
p` · q t
a
`
]
, (1.7)
where the soft gluon of momentum q, colour a and helicity σ is taken to be outgoing. If the
gluon was incoming, there would be an overall minus sign and the corresponding polarisation
vector would be ε¯σ. At loop level the issue is more subtle, one may attempt to take the soft
limit at the level of integrands before performing loop integrations or alternatively one may
keep ωq finite and take the limit only after performing the loop integrations. It is known,
from the case of subleading IR behaviour of graviton amplitudes [44, 45], that the order
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has important consequences for the interpretation of quantum corrections to the Ward
identities for asymptotic symmetries. In this work for the definition of matrix elements
of the asymptotic charge we always take the soft limit after the computation of matrix
elements. That is we define a regularised charge Qlin (ωq) and then define
〈out|Qlin (0)S|in〉 := lim
ωq→0
〈out|Qlin (ωq)S|in〉 (1.8)
so that for the insertion of the soft gluon operator we use the usual soft gluon theorem. In
particular we will make use of the one-loop soft-limits which were computed using dimen-
sional regularisation, with parameter ˆ = (d− 4)/2, in [43] and can be written as
lim
ωq→0
M(1)n+1({q, a, σ}, {p`}) = gYMJ (0)aσ (q)M(1)n ({p`}) + g3YMJ (1)aσ (q)M(0)n ({p`}) (1.9)
where the first term on the right hand side is the iterated tree result involving the tree-level
soft current (1.7) while the second term is due to the one-loop soft current which is, to
leading divergence,
J (1)aσ (q) = −
CA
16pi2ˆ2
J (0)aσ (q) (1.10)
where CA is the adjoint quadratic Casimir. However before computing such matrix elements
we first review in more detail the definition of the asymptotic charge and its definition in
terms of free field operators.
2 Asymptotic Charges for QCD
We will be interested in the asymptotic charges of Yang-Mills theory related to large gauge
transformations which are those that are non-vanishing on the boundary of space-time.
Quite generally, Noether’s second theorem relates the existence of a local symmetry to a
two-form κνµ which can be integrated over a codimension-two sphere to define a charge.
That is, the local symmetry implies that there exists a conserved current
jµ() = Sµ() + ∂νκ
νµ() (2.1)
where the function  parameterises local symmetry transformations and the current Sµ()
vanishes on-shell
Sµ()
eom
= 0 . (2.2)
If  is constant, one recovers the usual conserved current that couples to the gauge field. If
we consider the integral of jµ() over a manifold Σ∫
Σ
dΣµj
µ() =
∫
Σ
dΣµ
[
Sµ() + ∂νκ
νµ()
] eom
=
∫
σ=∂Σ
dσµνκ
νµ() (2.3)
to define a charge as an integral over the manifold boundary ∂Σ, this charge is non-vanishing
only if the function  has support at the boundary otherwise the charge is trivially zero.
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This is equivalent to the statement that gauge symmetries are not really "symmetries" in
the proper sense.
We will consider QCD in four-dimensional Minkowski space and we will use the usual
conformal compactification to study the asymptotic symmetries. The two-form, κ, is defined
in terms of the field strength associated to the gauge field Aµ = AaµT a as 2
Fµν = ∂µAν − ∂νAµ − igYM[Aµ,Aν ] (2.4)
which obeys the equations of motion
∇µFµν − igYM[Aµ,Fµν ] = gYMjMν (2.5)
where jMν is the matter colour current. The charge for non-Abelian large gauge transfor-
mations with parameter  is then given as,
Q =
∫
σ
∗tr [F ] , (2.6)
see for example [46, 47] and also [48]. The relevant surfaces for our asymptotic charges
are future and past null infinity, usually denoted I+ and I−. The natural coordinates for
discussing I+ are the so-called retarded Bondi coordinates
r2 =
3∑
i=1
(xi)
2 , u = t− r , z = x1 + ix2
r + x3
, (2.7)
such that the flat-space metric becomes
ds2 =− du2 − 2dudr + 2r2γzz¯dzdz¯ , with γzz¯ = 2
(1 + zz¯)2
. (2.8)
The boundary at r → ∞, I+, is thus parameterised by the coordinates (u, z, z¯). The
advanced coordinates, (r, v = t + r, z, z¯), are most convenient for I− and where necessary
we will apply the antipodal matching conditions as in [27].
Let us review the construction of non-Abelian charges at I± for QCD in Minkowski
space (for details see [26, 28]). We will focus on Lorenz gauge in this paper 3, with the
gauge fixing condition
∇µAaµ = 0 . (2.9)
The same charge can be found in non-covariant gauges such as retarded radial or radiation
gauge. In general the asymptotic symmetries may depend on the choice of gauge fixing,
which can also be seen at the path integral level (see [47]), but for the leading asymptotic
charges one finds the same result for both covariant and physical gauge choices.
2See Appendix A for the notations used in this paper.
3It is convenient for making contact with perturbative computations relevant for the construction of the
coherent states.
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I+
I−
t = const
t→∞ ...
r →∞
. . . i
0
i+
i−
u
Figure 1: Penrose diagram picture of Minkowski compactification
Large gauge transformations are parameterised by the function  = a(z, z¯)T a which
labels the transformations at infinity, for example at I+,
δAz(u, z, z¯) = Dz(z, z¯) , (2.10)
where Az(u, z, z¯) = limr→∞Az(r, u, z, z¯).
In retarded Bondi coordinates on the celestial sphere S2 defined by the u→ −∞ region
of I+, i.e. I+− , the charge (2.6) becomes 4
Q =
∫
I+−
d2zγzz¯ tr [(z, z¯)Fru] , (2.11)
where Fru = limr→∞ r2Fru. This can be rewritten, assuming the field strengths vanish at
I++ (for details see appendix B), as
Q = Q
lin
 +Q
non-lin
 , (2.12)
where
Qlin =
∫
I+
d2zdu a(z, z¯) [∂u(∂zA
a
z¯ + ∂z¯A
a
z)] (2.13)
and
Qnon-lin = gYM
∫
I+
d2zdu a(z, z¯)
[
fabc(Abz∂uA
c
z¯ −Acz¯∂uAbz) + γzz¯ja(2)u
]
. (2.14)
Here we have adopted the standard splitting of the asymptotic charge into a piece linear
in the gauge field (usually called soft) and a piece non-linear in the gauge fields (usually
4This charge is usually denoted Q+ to distinguish it from the corresponding charge Q− on I−. In order
to avoid a proliferation of superscripts we will mostly neglect this index. Hopefully it is clear from context
which charge we are referring to.
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called hard). In the construction of asymptotic charges it is usually argued that it is the
linearised theory which is used to define the two-form. This is the case in the framework of
covariant charges [46, 49] and was noted by Abbott and Deser [48] for Yang-Mills theory. In
the current context this would correspond to linearising the theory around the background
Aaz = A
a
z¯ = 0 and would thus discard the non-linear gluon piece of the asymptotic charge.
We will follow a similar approach when we consider scattering amplitudes but we will also
see how the non-linear piece arises naturally from the action of the linearised soft gluon
charge on the soft-evolution operator.
At I− there is an analogous construction where the linearised asymptotic charge is
given by
Qlin =
∫
I−
d2zdv a(z, z¯) [∂v(∂zA
a
z¯ + ∂z¯A
a
z)] (2.15)
in advanced Bondi coordinates.
Radiative phase space and quantisation As was noted in the context of the Abelian
theory [30, 50, 51] the radiative phase space at I+ defined as Γ+ = {F auz, F auz¯} will not give
the usual linearised large gauge transformation. It is easy to check that
[Qlin , A
a
z(u, z, z¯)] =
i
2
∂z
a(z, z¯) 6= iδAaz(u, z, z¯) (2.16)
using the standard Poisson brackets of the non-Abelian gauge theory
[Aaz(u, z, z¯), A
b
w(u
′, w, w¯)] = − i
4
δabΘ(u− u′)δ2(w − z) . (2.17)
The problem here is that the zero modes at the boundary correspond to a single real scalar
field and not to a complex one: in the zero frequency limit the two helicities are identified
and there is a miscounting of the degrees of freedom.
One method [50, 51] to overcome this issue is to impose additional constraints at the
boundaries of I+, namely the flatness of connections Aaz(u = ±∞, z, z¯)
F azz¯|I+± = 0 . (2.18)
The solution of these constraint equations is
Aaz(±∞, z, z¯) = ∂zφa±(z, z¯) , (2.19)
where φa±(z, z¯) are unconstrained fields on the celestial sphere S2 and this can be used to
rewrite the asymptotic charge
Qlin = 2
∫
S2
d2z a(z, z¯) ∂z∂z¯
[
φa+(z, z¯)− φa−(z, z¯)
]
. (2.20)
The authors of [50, 51] then propose modified brackets for the non-degenerate phase space
Γ+ = {F auz(u, z, z¯), φa+(z, z¯), φa−(z, z¯)} such that
[φa±(z, z¯), A
b
w(u,w, w¯)] = ∓
i
8pi
δab
1
z − w (2.21)
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and hence the correct linearised large gauge transformations are found
[Qlin , A
a
z(u, z, z¯)] = i∂z
a(z, z¯) = iδA
a
z(u, z, z¯) . (2.22)
In order to hew closely to the standard S-matrix formulation we will start with the
usual equal-time commutators on a space-like hypersurface and by taking the t → ±∞
limit of the usual free field expansion
Aaµ(x) =
∑
σ=±
∫
d˜q
[
ε¯σµ(q)a
a
σ(q)e
iq·x + εσµ(q)a
†a
σ (q)e
−iq·x
]
. (2.23)
The sum is over helicities with polarisation vectors εσµ and the equal time commutation
relations are given in Appendix A. We can then evaluate the fields arbitrarily close to I+
by using the saddle point approximation in the r →∞ limit [28, 50] such that,
Aaz =
−i
8pi2
√
2
(1 + zz¯)
∫ +∞
0
dωq
[
aa+(ωqxˆ)e
−iωqu − aa,†− (ωqxˆ)eiωqu
]
,
Aaz¯ =
−i
8pi2
√
2
(1 + zz¯)
∫ +∞
0
dωq
[
aa−(ωqxˆ)e
−iωqu − aa,†+ (ωqxˆ)eiωqu
]
, (2.24)
where q0 = ωq and xˆ = x/r. The asymptotic charges can now be expressed in terms of the
creation and annihilation operators. For the linear, or soft, charge we have
Qlin = lim
ωq→0
ωq
4pi
∫
d2z
√
γzz¯
[
∂z
a(z, z¯)
(
aa−(ωqxˆ) + a
a†
+ (ωqxˆ)
)
+ h.c.
]
, (2.25)
while for the non-linear charge we have for the gluon part
Qnon-lin
∣∣∣
gluon
= igYMf
abc
∫
I+
d2z
2(2pi)3
γzz¯
a(z, z¯)
{∫
dωq ωq
∑
σ=±
ab†σ (ωqxˆ)a
c
σ(ωqxˆ) (2.26)
+
1
2
∫ 2∏
i=1
dωqi δ(ωq1 + ωq2)(ωq1 − ωq2)
[
ab+(ωq1 xˆ)a
c
−(ωq2 xˆ)− ab†− (ωq1 xˆ)ac†+ (ωq2 xˆ)
]}
,
where we have normal ordered the expression and dropped the resulting constant. As the
energy integral is over only positive values, the delta-function in the second term only has
support when both gluon operators are zero modes. Defining the gluon number density
operator
ρag(q) = −ifabc
∑
σ=±
ab†σ (ωqxˆ)a
c
σ(ωqxˆ) (2.27)
we can write the first term in the particularly simple form
Qnon-lin
∣∣∣
a†a−gluon
= −gYM
∫
d˜q ρag(q)
a(xˆ) . (2.28)
Using the equal-time commutators and the expression (2.25) one can show that
[Qlin , a
a
+(q)] = − (2pi)
2δ(ωq)√
γzz¯
∂z
a(z, z¯) , [Qlin , a
a†
+ (q)] =
(2pi)2δ(ωq)√
γzz¯
∂z¯
a(z, z¯)
[Qlin , a
a
−(q)] = − (2pi)
2δ(ωq)√
γzz¯
∂z¯
a(z, z¯) , [Qlin , a
a†
− (q)] =
(2pi)2δ(ωq)√
γzz¯
∂z
a(z, z¯) . (2.29)
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Thus the gauge transformation of the asymptotic field Aaz(u, z, z¯) is given by
[Qlin , A
a
z(u, z, z¯)] =
i
2∂z
a(z, z¯))
∫ ∞
0
dωq δ(ωq)(e
−iωqu + e+iωqu) . (2.30)
This will give the incorrect large gauge transformations using the usual definition of the
delta-function but it can be remedied by inserting a factor of two for the zero-mode contri-
bution. This is related to the factor of two that the authors of [30] used in the definition of
the QED coherent state operator however in our case we modify the charge and leave the
coherent state, and the amplitudes, unchanged.
Splitting of the charge contributions according to the energy scale E As we are
working in massive QCD, there are two contributions to the non-linear charge: those from
the massive fermions and those from the gluons. A key point is that once we pick a scale
E to define the splitting of the Fock space of free particles into the hard and the soft parts
H = HEs ⊗HEh , there will be both types of contributions to the non-linear part of the charge.
That is the linear and non-linear charge do not commute. This mirrors the corresponding
non-linearity of the QCD Hamiltonian and the coherent state operator. Indeed we could
make a splitting of the energy integral 5∫ +∞
0
dωq →
∫ E
0
dωq +
∫ +∞
E
dωq (2.31)
to separate the two contributions and so define a non-linear soft charge
Qnon-lin, s = −gYM
∫ E
d˜q ρag(q)
a(xˆ) . (2.32)
As mentioned previously, we will in fact take the linearised charge in the asymptotic region
as our starting point and see how the non-linearity emerges from commuting with the
evolution operators. As we will see this corresponds to effectively having
Qlin = Q
lin
,s ⊗ Ih and Qnon-lin = Is ⊗Qnon-lin,h
∣∣∣
gluon+quarks
(2.33)
where we discard the soft non-linear piece (2.32) but we keep the non-linear hard term for
both gluon and quarks. This is similar to the approach taken in [52].
3 Asymptotic Hamiltonian and Soft Evolution Operators
The starting point for the coherent state approach to IR divergences [12] is the choice of
an appropriate asymptotic Hamiltonian describing the parton dynamics in the far future
and far past. We will review, following the arguments of [21], that one can carry out the
Faddeev-Kulish approach in the non-Abelian case at the leading order in the IR divergences.
We start from the splitting of the standard QCD interaction Hamiltonian in the interaction
representation into soft and hard parts:
HI(t) = HEh (t) +H
E
s (t) . (3.1)
5To be completely accurate, we should choose as a lower boundary of integration the infrared cutoff λ
as we are working in the perturbative regime
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This is done by introducing at each interaction vertex the energy transfer ν
ν =
∣∣∣∣∣∑
i
ηiωi
∣∣∣∣∣ ∑
i
ηiqi = 0 (3.2)
where ωi are the energies of the interacting particles with ηi = +1 (resp. −1) for incoming
(resp. outgoing) particles. We define the soft part of the Hamiltonian as containing only
energies below a scale ν < E and we also introduce a lower cut-off λ < ν. The lower energy
bound λ is not only required by our use of perturbative QCD but also to have a good
definition of the FK states [12] however in the following we will sometimes leave it implicit.
The soft Möller operators are defined as the standard time-ordered product
ΩE± = T exp
[
−i
∫ 0
∓∞
HEs (t)dt
]
, (3.3)
but in order to isolate the leading IR singularities6 it is useful to transform to frequency
space and so write the Hamiltonian as, [19],
HEs (t) =
∑
η=±
∫ E
λ
dν hη(ν)e−iηνt . (3.4)
Using this expression we can write the soft-evolution operator as
ΩE± =
∞∑
n=1
∑
ηi=±
∫ E
λ
dν1 . . . dνn
hηn(νn) . . . h
η1(ν1)
(ηnνn + · · ·+ η1ν1 ± i0) . . . (η1ν1 ± i0) . (3.5)
Infrared singularities come from vanishing energy denominators, and in particular leading
logarithms come from the region specified by the strong ordering
λ ν1  ν2  . . . νn  E , (3.6)
where we can thus approximate
1
ηnνn + · · ·+ η1ν1 ± i0 · .... ·
1
η1ν1 ± i0 '
n∏
i=1
1
ηiνi
Θ(νn > · · · > ν1) . (3.7)
To leading order in the IR divergences the soft Möller operator7 is then given by the
frequency-ordered exponential
ΩE = Pνexp
(∫ E
λ
∑
η=±
dν
η ν
hη(ν)
)
. (3.8)
Furthermore, it is possible to show that at the leading order in the IR divergences:
• In each three-gluon vertex we may assume there is always one gluon which is much
softer than the others and so we can use the eikonal approximation,
6Which are of the form (g2YM log
(
E
λ
)
)k at k-loops
7We can neglect the distinction between ΩE+ and ΩE− due to the i0 prescription at leading order.
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S = SE
Figure 2: The dressing of each external leg with removes the IR singularities and
produces an IR finite S-matrix.
• Quarks interact only via eikonal vertices and pair production is neglected because the
process g → qq¯ is IR finite,
• Four-gluon vertices and ghost contributions can be neglected.
With these assumptions it is possible to write the soft interaction Hamiltonian as a sum
of two terms, one depending on quarks and a soft gluon and a second purely gluonic cubic
term
HEs (t) = H
E
ffg(t) +H
E
ggg(t) . (3.9)
These can be combined so that
HEs (t) = −gYM
∫
ωq
d˜p
∫ E
λ
d˜q ρa(p)pˆ · [aa(q)eipˆ·qt + h.c.]
with ρa(p) = ρaf (p) +
∑
σ
a†bσ (p)TA
a
bca
c
σ(p) (3.10)
where ρ now contains a contribution not only from fermionic matter ρf but also from the
hard gluons with energies ωp > ωq. It is important to note that while the density operator
involves gluons which are harder than the soft gluon at that vertex it does not commute
with all soft gluon operators. This is fundamentally different from the QED case and
corresponds to the non-linear nature of the gauge symmetry. Using the Hamiltonian HEs (t)
in (3.10) the soft Möller operator becomes
ΩE = Pωexp
[ ∫ E
λ
d˜q Jq ·Πq
]
(3.11)
where Πaµ(q) = aaµ(q)− aa†µ (q) is the displacement operator and
J aq µ = gYM
∫
ωq
d˜p ρa(p)
pµ
p · q (3.12)
and the dot product denotes the contraction of both Lorentz and gauge indices where
appropriate. The exponential is interpreted as being ordered in the soft gluon energies8,
with smaller energies to the right. Finally, the soft evolution operator can be used to define
8We have here in fact moved from the frequency ordering to the energy ordering though, again at leading
order, these are equivalent.
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an IR-finite S-matrix SE by removing the IR singularities due to initial and final state
interactions
SE = ΩE− S Ω
E†
+ (3.13)
as shown schematically in Fig. 2.
This approach is closely related to the Wilson line dressing method [53]. The Wilson
line dressing of a massive quark (i.e. a time-like path) will also produce the infrared IR
leading terms required to cancel the singularities of the amplitude at one loop order. Using
the Mandelstam prescription for the infinite Wilson line [54] and the conventional mode ex-
pansion for the non-Abelian gauge field Aa(x), it is possible to establish the correspondence
a in fashion similar to the cases of QED [55] and gravity [33, 56].
4 Large Gauge Transformations for Soft Evolution Operators
We are interested in understanding the transformation properties of the S-matrix under
large gauge transformations and the corresponding Ward identity for amplitudes. As the
S-matrix relates states in the far future and far past where the theory is taken to be free
we will use the linearised charge when we compute matrix elements of the commutator
[Qlin , S] := Q
+,lin
 S − SQ−,lin . The soft-evolution operator relates the free theory to the
interacting theory and the linearised charge to the non-linear contributions. If we assumed
the transformation property for the evolution operator
[Qlin ,Ω
E ] = QhΩ
E (4.1)
for some non-linear charge Qh then we would see that
〈〈{pf , αf}‖ [Qlin , S] ‖{pi, αi}〉〉 = 〈{pf , αf}|[Qlin −Qh , SE ]|{pi, αi}〉 , (4.2)
where we have used the dressed states, e.g.
‖{pi, αi}〉〉 = ΩE†
∏
i∈in
b†αi(pi)|0〉 , (4.3)
in computing matrix elements. If the linearised charge produces states orthogonal to scat-
tering states constructed on the original vacuum this becomes
〈〈{pf , αf}‖ [Qlin , S] ‖{pi, αi}〉〉 = −〈{pf , αf}|[Qh , SE ]|{pi, αi}〉 . (4.4)
This relation, graphically represented in Fig. 3, is what we refer to as the Ward identity.
Our goal is to study this relation in the context of QCD using the soft-evolution operators
capturing the leading IR singularities. To this end we consider the explicit expression for
the linearised large gauge transformations using the definition
Qlin = −
∫
I+
d2zdu
[
∂z
a∂uA
a
z¯ + ∂z¯
a∂uA
a
z
]
(4.5)
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[Qlin , S ] = −[Qh , SE ]
Figure 3: The Ward identity for the asymptotic charge. The red clouds represent
the parton dressing factors comprising soft gluons.
with the commutators (2.29). It is important to note that in this definition of the charge
we have used integration by parts for the z and z¯ variables. In principle we must carefully
account for any boundary terms that occur in this step.
Now using the definition of the energy ordering we calculate
[Qlin ,Ω
E ] =
∑
n
[Qlin ,
∫
ωn−1
d˜qn· · ·
∫ E
λ
d˜q1 Jn ·Πn . . .J1 ·Π1]. (4.6)
As the charge only involves zero modes it acts only on the last term in each element of the
sum, i.e.
∫ E
λ d˜q1J1 · Π1, and then only for ω1 = λ ∼ 0. That is, we are assuming that the
charge acts on the mode with energy ω1 = λ ∼ 0 but not on ω2 > ω1. By straightforward
computation one finds
[Qlin ,
∫ E
λ
d˜q J ·Π] = N () (4.7)
where N () = ∫λ d˜p ρa(p)Na(,p) with
Na(,p) = −(2pi)2gYM
∫
d˜q√
γzz¯
δ(ωq)
2p
p · q · (ε
−(q)∂za(q) + ε+(q)∂z¯a(q)) . (4.8)
This expression for Na depends on having performed an integration by parts and so ignores
any potential boundary terms. For example it can be seen that it vanishes for the case a
being a constant. One can undo the integration by parts and write
Na(,p) =
gYM
2pi
∫
dωqδ(ωq)
∫
d2zγzz¯
−p2
(p · qˆ)2 
a(z, z¯) , (4.9)
where we use the notation qˆµ = qµ/ωq and which for the case of constant  becomes
Na(,p) = gYMa
∫
dωδ(ω). In these expressions we must interpret the δ-functions as
taking the soft-limit in the appropriate fashion. We have thus found that
[Qlin ,Ω
E ] = ΩEN () (4.10)
however this is not a right eigenoperator as
[Jj ·Πj ,
∫
λ
d˜p ρb(p)N b(,p)] = 0 (4.11)
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only if N b(,p) = N b(,qj). Performing the non-trivial commutators to one-loop, O(g2YM),
we find
[Qlin ,Ω
E ] =
[N () +A()]ΩE (4.12)
where
A() = igYMfabc
∫ E
λ
d˜q
∫
ω
d˜p ρa(p)
p ·Πc(q)
p · q
[
N b(,p)−N b(,q)] . (4.13)
Here we see that there are corrections to the tree-level expression for Qh which arise due to
the non-Abelian nature of the theory. Indeed we can see that there will be further non-linear
corrections at each higher loop order. These corrections do vanish in the case of a constant
, which is to say that the total colour charge does not receive any corrections. Moreover
the correction involves a soft-gluon operator which we might expect to have vanishing
contribution when computing matrix elements of the IR-finite S-matrix. We now turn to
the computation of exactly such matrix elements.
5 Ward Identities for Dressed S-matrix
To compute matrix elements between dressed states we make use of the non-trivial fact
that, to leading order in the soft divergence, the dressing of external states factorises in
colour space [18, 19, 21]
‖{pi, αi}〉〉 ≡ ΩE†|{pi, αi}〉 =
∏
i∈in
UpiEαiβi(Π)b
†
βi
(pi)|0〉 (5.1)
where the coherent state operator UpiEαiβi(Π) is a functional of the soft gluons only. The
coherent state operator for a parton in the gauge group representation with generators taαβ
is defined by the energy-ordered integral
UpEαβ = Pωexp
[
− gYM
∫ E
λ
d˜q
p ·Πaω(q)
p · q t
a
]
αβ
(5.2)
where the dressed gluon field is similarly defined by
Πaω(q) = UqEab Πb(q) (5.3)
where UpEab is the adjoint coherent state operator. We have summarized some important
properties of this coherent state operator in appendix C. These non-linear equations can be
solved iteratively so that to O(g2YM) we have
UpEαβ = δαβ − gYM
∫
λ
d˜q
p ·Πe(q)
p · q t
e
αβ
+g2YM
∫
λ
d˜q1
∫
ω1
d˜q2
(
p ·Πe2(q2)
p · q2 t
e2
αγ
)(
p ·Πe1(q1)
p · q1 t
e1
γβ
)
−g2YM
∫
λ
d˜q1
∫
ω1
d˜q2
(
p ·Πe2(q2)
p · q2
)(
q2 ·Πe1(q1)
q2 · q1
)
[te2 , te1 ]αβ . (5.4)
This dressing factor captures the leading order effects of soft gluon radiation of each of the
hard partons. It includes all-order effects arising from arbitrary numbers of gluons being
radiated as well as loop effects which arise from normal ordering each of the terms.
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Qlin Qlin
(4.a) (4.b)
Figure 4: The tree-level contributions to the Ward identity.
Tree-level Ward Identity While the calculation is essentially identical to the Abelian
case, to fix conventions we will start with the tree-level result. The relevant terms for
computing matrix elements of the commutator of the linearised charge with the S-matrix
are:
〈〈{pf , αf}‖ [Qlin , S] ‖{pi, αi}〉〉 = 〈0|
∏
f∈out
bαf (pf )
(
[Qlin , S] (5.5)
− gYM
∫
λ
d˜q
[∑
`∈out
p` ·Πe(q)
p` · q t
e
` [Q
lin
 , S] +
∑
`∈in
[Qlin , S]
p` ·Πe(q)
p` · q t
e
`
])∏
i∈in
b†αi(pi)|0〉
where the subscript on the colour generators indicate the parton leg upon which they act
and for convenience we denote, for example, taαjβjb
†
βj
= taj b
†
αj .
The two contributions to the matrix element can be represented graphically as in Fig. 4.
The first term, corresponding to diagram (4.a), corresponds to the usual absorption or
emission of the soft gluon in the linearised charge. We compute these terms by using the
soft-gluon theorem, see (1.3) and (1.7), and due to the sign difference in the soft limits of
incoming and outgoing gluons the two terms of the commutator add rather than cancel.
The next terms, corresponding to diagram (4.b) in Fig. 4, arise from contracting oscillators
in the linearised charge with those in the coherent states. These terms cancel due to the
sign from the commutator. Thus we find
〈〈{pf , αf}‖ [Qlin , S] ‖{pi, αi}〉〉 = −
[ ∑
`∈out
Qh (p`)−
∑
`∈in
Qh (p`)
]
M(0)n , (5.6)
where we have introduced the eigenvalue of the non-linear charge Qh (p) = Q
h,a
 (p)ta where
Qh,a (p) = −8pi2gYM
∫
d˜q
δ(ω)√
γzz¯
[
∂z
a(qˆ)
ε− · p
q · p + ∂z¯
a(qˆ)
ε+ · p
q · p
]
(5.7)
which, as expected, is Na(,p) as defined in (4.9).
As in the QED case the charge acts on the Fock vacuum to produce a state orthogonal
to all scattering states built on the original vacuum. This can be seen by keeping only those
terms where the charge corresponds to an emitted gluon, and for convenience considering
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 + . . .
 − − = 0
(5.a) (5.b) (5.c)
Figure 5: The IR divergent contributions at one-loop involving two external par-
tons.
(6.a) (6.b) (6.c)
Figure 6: The IR divergent contributions at one-loop involving one external parton.
only incoming hard partons. Due to a cancellation between diagrams (4.a) and (4.b), one
finds
〈〈0‖Qlin S ‖{pi, αi}〉〉 = 0 (5.8)
at tree-level.
Finite One-loop S-matrix Now let us proceed to a one-loop calculation, and again for
now considering only in-particles, we compute the one-loop matrix elements
〈〈0‖S ‖{pi, αi}〉〉 = 〈0|S
∏
i
UpiEαiβib
†
βi
(pi)|0〉
= 〈0|S
∏
i
b†αi(pi)|0〉 − gYM
∑
j
te1j
∫
λ
d˜q〈0|S pj ·Πe1 (q)pj ·q
∏
i
b†αi(pi)|0〉
+
g2YM
2
∑
j 6=k
te1j t
e2
k
∫
λ
d˜q1
∫
λ
d˜q2 〈0|S pj ·Π
e1 (q1)
pj ·q1
pk·Πe2 (q2)
pk·q2
∏
i
b†αi(pi)|0〉
+plus one-parton terms . (5.9)
The first term is the usual IR-divergent S-matrix element, which arises from diagrams
such as (5.a) in Fig. 5 while the remaining terms are the compensating IR divergent terms
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from the coherent state which are graphically represented in diagrams (5.b) and (5.c). Here
we will focus on those diagrams which involve two external partons and neglect one-parton
contributions such as those in Fig. 6. These one-parton contributions are subleading in
the IR divergences and can in fact be reconstructed by insisting on gauge invariance. The
second term (5.b) gives an O(g2YM) contribution by using the tree-level soft limit of the
S-matrix. In particular it can be written as
I(5.b) = g2YM
∑
j 6=k
tejt
e
k
∫
d˜q
∑
σ
pj · εσ(q)
pj · q
pk · ε¯σ(q)
pk · q M
(0)
n , (5.10)
where we have again dropped the one-parton, i.e. j = k, terms. The next term, correspond-
ing to (5.c), involves contracting two gluons from the dressing factors of two partons. We
thus need
Π
ej
µ (q1)Π
ek
ν (q2) = (a
ej
µ (q1)− aej†µ (q1))(aekν (q2)− aek†ν (q2))
= −δ˜(q1 − q2)δejek
∑
σ
ε¯σµε
σ
ν + terms with two oscillators (5.11)
so that we find
I(5.c) = −g
2
YM
2
∑
j 6=k
tejt
e
k
∫
d˜q
∑
σ
pj · ε¯σ(q)pk · εσ(q)
pj · q pk · q M
(0)
n (5.12)
which is the same as the (5.b) contribution up to an overall factor. We can rewrite the
product of polarisation vectors using (A.3) which, if we include the one-parton contributions
and impose total colour conservation to remove the cµ dependent terms, becomes
∑
σ ε¯
σ
µε
σ
ν =
ηµν . Hence we find the S-matrix elements
〈〈0‖S ‖{pi, αi}〉〉 =
[
1 +
g2YM
2
∑
j,k
tejt
e
k Ijk
]
M(0)n (5.13)
in terms of the IR divergent loop integral
Ijk =
∫
d˜q
pj · pk
pj · q pk · q . (5.14)
While we have previously considered an energy cut-off to regularise divergences, in order to
compare with known results it is useful to instead use dimensional regularisation. Keeping
the leading divergence in the parameter ˆ = d2 − 2 the loop integral is given by
Ijk = − 1
2(2pi)2ˆ2
. (5.15)
To one-loop order and leading singularity the amplitude is known to be, [57–60], [41],
Mn =
[
1 +
g2YM
16pi2ˆ2
∑
j 6=k
tejt
e
k
]
M(0)n (5.16)
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Qlin + . . .
 + Qlin + Qlin
(7.a) (7.b) (7.c)
Figure 7: The one-loop contributions to the Ward identity.
and hence we see that, as expected, the singular parts cancel in the S-matrix elements. This
can be repeated for generic outgoing states and again one finds that the one-loop leading
singularities cancel
〈〈{pf , αf}‖S ‖{pi, αi}〉〉|O(g2YM) = 0 +O (1/ˆ) (5.17)
as expected. An analogous approach to removing the singularities would be the Wilson line
dressing which reproduces the same leading IR-divergences [53].
One-loop Ward Identity We now want to compute the one-loop correction to the Ward
identity using the dressed states. We thus consider the terms
〈〈0‖ [Qlin , S] ‖{pi, αi}〉〉|O(g3YM) = 〈0|[Q
lin
 , S]
{
1− gYM
∑
j
te1j
∫
λ
d˜q
pj ·Πe1 (q)
pj ·q (5.18)
+
g2YM
2
∑
js
2∏
s=1
tesjs
∫
λ
d˜qs
pjs ·Πes (qs)
pjs ·qs + g
2
YM
∑
j
[te1 , te2 ]j
∫
λ
d˜q1
∫
ω1
d˜q2
q2·Πe1 (q2)
q2·q1
pj ·Πe2 (q2)
pj ·q2
−g
3
YM
3!
∑
js
te1j1 t
e2
j2
te3j3
3∏
s=1
∫
λ
d˜qs
pjs ·Πes (qs)
pjs ·qs
−g3YM
∑
j1,j2
te1j1 [t
e2 , te3 ]j2
2∏
s=1
∫
λ
d˜qs
pjs ·Πes (qs)
pjs ·qs
∫
ω2
d˜q3
q2·Πe3 (q3)
q2·q3
−g3YM
∑
j1,j2
te1j1 t
e3
j2
te2j2
2∏
s=1
∫
λ
d˜qs
pjs ·Πes (qs)
pjs ·qs
∫
ω2
d˜q3
pj2 ·Πe3 (q3)
pj2 ·q3 + one-parton terms
}
|{pi, αi}〉
where as before the subscripts on the generators denote the hard parton upon which they
act. This expression simplifies significantly as the contributions where the gluon in the
charge is contracted with a gluon in the dressing of the partons cancel between the two terms
in the commutator. Thus we only need to keep the contributions where the charge contracts
with the S-matrix as these terms add. The non-vanishing contributions are graphically
represented in Fig. 7 where it can be seen that these contributions closely parallel those
of Fig. 5. The result can be straightforwardly computed using the previous tree-level and
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Qlin Q
lin

(8.b.1) (8.b.2)
Figure 8: Ambiguous two-parton contributions to one-loop Ward identity.
one-loop results. For example diagram (7.b) gives
I(7.b) = g2YM
∑
j,k,r
Qh,a (pj) Ikr t
a
j t
e
kt
e
rM(0)n (5.19)
where Qh,a is defined in (5.7) and Ikr is the integral (5.14). The diagram (7.c) gives the
same contribution but with a coefficient of −12 , so that I(7.c) = −12I(7.b). These terms
cancel against contributions such as those in diagram (7.a), which can be computed using
the soft-limit of one-loop amplitudes (1.9). As can be seen in, for example, (5.19) there
are contributions with j 6= k 6= r that involve three external hard parton legs. These
contributions straightforwardly cancel against the appropriate terms in the first term of the
one-loop soft limit involving the one-loop amplitude, that is the iterated tree term,
∑
j
Qh,a (pj)t
a
jM(1)n '
g2YM
16pi2ˆ2
∑
j 6=k 6=r
Qh,a (pj)t
a
j t
e
kt
e
rM(0)n (5.20)
using (5.16) for the leading singular terms in the amplitude. Slightly more subtle are the
contributions which involve only two external legs. In particular for the diagram (7.b) there
is an ambiguity regarding the order in which one takes the soft limits corresponding to the
gluon in the charge and the lowest energy gluon in the parton dressing. The two orderings
are shown schematically in Fig. 8. Diagram (8.b.1) corresponds to first taking the soft-limit
for the charge before computing the loop integral involving the soft gluon in the dressing
factor. In diagram (8.b.2) we instead take the soft limit for the dressing factor gluon and
then for the gluon in the charge. In particular this gives an ordering of the colour generators
I(8.b.2) = −g2YM
∑
j 6=k
Qh,a (pj) Ikr t
e
jt
a
j t
e
kM(0)n (5.21)
which combines with the other two-parton contributions from (9.c) to cancel against the two
parton contributions from (7.a) which come from the soft limit of the one-loop amplitude.
The final result is that using the ordering (8.b.2) we find that the commutator vanishes at
one-loop to leading singularity
〈〈0‖ [Qlin , S] ‖{pi, αi}〉〉|O(g3YM) = 0 +O(
1
ˆ ) . (5.22)
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Qlin
Qlin
(9.b.3) (9.c)
Figure 9: Non-ambiguous two-parton contributions to one-loop Ward identity.
Qlin + . . .
 + Qlin + Qlin
(10.a) (10.b) (10.c)
Figure 10: The additional three parton one-loop contributions to the orthogonality
condition.
There are in principle contributions which only involve a single external parton momentum
which we have not included as they are subleading, however these can again be found by
using gauge invariance. Thus we find that, using this prescription, there are no corrections
to the Ward identity.
If we had chosen the alternative prescription (8.b.1) we would find a correction which
is related to the one-loop soft current and which can be written as
〈〈0‖ [Qlin , S] ‖{pi, αi}〉〉|O(g3YM) = −
g2YMCA
16pi2ˆ2
∑
`∈in
Qh (p`)M(0)n . (5.23)
In this case we see that there appears to be a one-loop effect which in principle could be
interpreted as a correction to the hard charge. Related to this we must also establish that
the linearised soft charge acting on the vacuum produces states that are orthogonal to the
dressed scattering states at one-loop, that is we must compute
〈〈0‖Qlin S ‖{pi, αi}〉〉|O(g3YM) . (5.24)
In order to do this, one needs to compute all O(g3YM) contributions a calculation which
closely parallels the computation of the one-loop soft current [43]. There are additional
three-parton contributions, see Fig. 10, which combine, using essentially the manipulations
from the tree-level calculation, to zero. That is the contributions from Fig. 10 cancel those
of Fig. 7. The more non-trivial calculation involves the two-parton contributions and there
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Qlin
Qlin Q
lin

(11.a) (11.b) (11.c)
Figure 11: The additional two parton one-loop contributions to the orthogonality
condition.
are contributions with the same ordering ambiguity as in Fig. 8. Once again if we make
the choice corresponding to (8.b.2) we find that there is a cancellation of the two parton
contributions so that
〈〈0‖Qlin S ‖{pi, αi}〉〉|O(g3YM) = 0 (5.25)
to leading order in the IR divergences. Alternatively if we choose the ordering (8.b.1) of
Fig. 8 we find that all the diagrams that arise from dressing the tree-level amplitude cancel
amongst themselves, the diagram corresponding to dressing the one-loop amplitude, (10.a)
of Fig. 10 cancels the contribution due to the iterated tree term in the soft-limit of the loop
amplitude (1.9), so that the term arising from the one-loop soft current remains so that
〈〈0‖Qlin S ‖{pi, αi}〉〉|O(g3YM) = −
g2YMCA
16pi2ˆ2
∑
`∈in
Qh (p`)M(0)n (5.26)
which is the same as the one-loop contribution to the Ward identity for that choice.
While for simplicity we focused on the case with only incoming hard particles it is
possible to generalize our results to generic in- and out-states by essentially using crossing
symmetry. In order to check diagrammatically that crossing is satisfied for dressed states one
can argue that the non-Abelian gluon clouds at leading logarithmic order weakly commute
with the S-matrix. The steps are essentially the same as [33], with the important difference
that here we have non-Abelian generators inside the clouds. However even in the non-
Abelian theory the coherent state operators have the property (see Appendix B)
[ UpEαβ , Up
′E
α′β′ ] = 0 . (5.27)
We have explicitly checked that for the ordering prescription (8.b.2) there are no corrections
to the Ward identity for generic states while for ordering (8.b.1) the correction term now
has a sum over both out-going and in-going partons with a corresponding sign.
6 Discussion and Conclusions
In this work we have computed matrix elements of the commutator
[Qlin , S] = Q
+,lin
 S − SQ−,lin (6.1)
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between asymptotic states corresponding to hard partons dressed with soft-gluon coherent
operators. At tree-level the result following from the soft-theorem is essentially the same
as in the Abelian case
〈〈out‖[Qlin , S]‖in〉〉 = −
[ ∑
`∈out
Na(, p`)t
a
` −
∑
`∈in
Na(, p`)t
a
`
]
〈〈out‖S‖in〉〉 . (6.2)
In the Abelian case the right-hand side of this relation corresponds to the contribution
from the hard part of the asymptotic charge and so this expression is equivalent to the
conservation law for the full charge. The non-Abelian theory is already quite different at
the classical level as the correct definition of the non-linear charge is unclear and these
difficulties are likely only exacerbated by including quantum corrections. We choose a
pragmatic approach of defining our quantum non-linear hard charge by means of the soft
evolution operators and then computing matrix elements to check whether the resulting
Ward identities continue to hold. We have seen in Sec. 4 that the hard charge does receive
modifications at loop order however they involve soft gluon operators which can be shown
to not contribute at one-loop order if we use IR-finite S-matrix elements with a particular
ordering prescription.
In the computation of matrix elements of the commutator we noted that there are
several order-of-limits issues. First, we have assumed a "weak" definition of the soft charge
insertion, where the soft limit for the gluon operator in the charge is taken after the eval-
uation of the matrix element. This makes the connection between the asymptotic charge
and the standard soft limit of amplitudes most direct. A similar issue arose in the case of
sub-leading soft-theorems for graviton amplitudes and our approach is analogous to that of
[44]. For the case of the dressed states there remains a second ordering ambiguity, which
can be seen in diagrams (8.b.1) and (8.b.2) in Fig. 8, as one must choose whether to take
the soft-limit in the charge before—ordering O1—or after—ordering O2—the contribution
from the coherent state operator.
• Ordering O1: The orthogonality relation
〈〈0‖Qlin S‖in〉〉
∣∣
O(g3YM)
= −g
2
YMCA
16pi2ˆ2
∑
`∈in
Qh (p`)〈〈0‖S‖in〉〉 . (6.3)
is broken by pure one loop effects (i.e. no tree-level iterated terms) and the soft-charge
no longer produces states orthogonal to scattering states. The Ward identity receives
the exact same correction and one may attempt to correct the hard charge at one
loop in fashion similar to [61] to preserve the conservation law.
• Ordering O2: Using this definition the orthogonality relation is still valid at one-loop
and leading singularity
〈〈0‖Qlin S‖in〉〉
∣∣
O(g3YM)
= 0 +O(1ˆ ) (6.4)
and moreover the Ward identity is preserved
〈〈out‖[Qlin , S]‖in〉〉
∣∣
O(g3YM)
= 0 +O(1ˆ ) . (6.5)
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In this case the interpretation is clearer and we can see that loop effects at this order
do not affect the asymptotic symmetries of the S-matrix.
In this work we have used the dressing following from the evolution operator (3.11) however
one could, following [12], modify the dressing so that
J aq,f µ = gYM
∫
ωq
d˜p ρa(p)
(
pµ
p · q −
fµ
ωq
)
(6.6)
where fµ is a q-dependent vector and whose value could be determined by insisting on
physical asymptotic states. Relatedly one can choose a modified vacuum
‖0〉〉Λ = Pωexp
(∫ E
λ
d˜qΛa(q)Πa(q)
)
|0〉 (6.7)
which are eigenstates of the linearised charge
Qlin ‖0〉〉Λ = Λ¯‖0〉〉Λ (6.8)
with
Λ¯ = −4pi
∫
d˜q
δ(ωq)√
γzz¯
Λa(q)(ε−∂za + ε+∂z¯a) (6.9)
if we also assume that the Fock vacuum is an eigenstate of the linearised charge with
eigenvalue 0. Strictly speaking this corresponds to the identification of the Fock vacuum
with the dressed vacuum |0〉 ≡ ‖0〉〉0 but this is in fact what we have used as we have set
ΩE |0〉 = |0〉 in our regularised, perturbative calculations. In this sense we may interpret
the failure of the orthogonality relation in the case of ordering O1 as being related to
the coherent states no longer being eigenstates of the linearised charge at one-loop and so
requiring a one-loop modification.
While our explicit computations have been at one-loop, the coherent state construction
is valid to all-loop orders and so with the correct ordering prescription there should be no
leading IR divergent quantum corrections to the Ward identity at any loop order. More
non-trivially it should also be possible to repeat the analysis at subleading order in the
IR divergences. The construction of the dressed states is more complicated since single-
parton coherent states can no longer be defined and one needs non-factorisable coherent
states which take into account two-parton correlations [19]. It would also be of interest
to include the effects of collinear singularities. Collinear singularities have not been well
studied in the context of the coherent state approach to IR divergences however see [39] and
the recent paper [40] which proposed using the soft-collinear effective theory Hamiltonian
to generate the asymptotic time evolution. It would be worthwhile to further understand
the connection with both Mandelstam’s dressing approach, following the lines of [56], and
with the well-known non-Abelian exponentiation theorem for Wilson lines [53, 62].
Finally in this work we have focused on single insertions of the asymptotic charge but
it would be of interest to consider the generalisation to multiple insertions to study the
algebra of asymptotic charges. He et al in [63], see also [64, 65], showed that the tree-level
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double-soft limit of two positive helicity gluons could be rewritten as the level zero Kac-
Moody algebra. This can in fact even be used to construct a stress-energy tensor for gluons
by the Sugawara method and to derive a KZ-like equation for MHV amplitudes [66]. By
considering more general tree-level double-soft limits [67, 68] the algebra of currents can be
extended to include mixed-helicity gluons and sub-leading, in the soft expansion, currents
[66]. The coherent state approach may make it possible to understand quantum corrections
to the algebra of such currents.
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A Notations
• We use a mostly positive signature gµν = diag(−1,+1,+1,+1) so that x0 = ct and
p0 = E.
• Retarded coordinates are defined as
xµ =
(
u+ r, r
(z + z¯)
1 + zz¯
, ir
(z − z¯)
1 + zz¯
, r
1− zz¯
1 + zz¯
)
(A.1)
and polarizations are
εµ− =
1√
2
(z, 1, i,−z) , εµ+ =
1√
2
(z¯, 1,−i,−z¯) . (A.2)
The polarisation vectors satisfy∑
σ
ε¯σµ(q)ε
σ
ν (q) = ηµν + cµqν + cνqµ (A.3)
where cµ is a fixed vector which depends on the choice of polarisation vectors. In our
conventions for retarded Bondi coordinates we have cµ =
(1+zz¯)
2ω (−1, 0, 0, 1).
• The free mode expansion of the gluon field is
Aaµ(x) =
∫
d˜q
[
ε¯σ(q)aaσ(q)e
iq·x + εσ(q)aa†σ (q)e
−iq·x] (A.4)
where
d˜q =
d3q
(2pi)3(2ω)
(A.5)
and we use the commutator
[aaσ(q), a
†b
σ′(q
′)] = δ˜(q− q ′)δσσ′δab (A.6)
with δ˜(q− q ′) = (2pi)3(2ω)δ(3)(q− q ′).
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• The gauge generators of su(N) are defined by the relations
[ta, tb] = ifabctc (A.7)
and are normalised such that Tr(tatb) = 12δ
ab. Quarks transform in the fundamental
representation ta = T a and gluons in the adjoint (ta)bc = (T aA)bc = −ifabc.
• The covariant derivative is defined as
Dµ = ∂µ − igYM[Aµ, ]. (A.8)
B Asymptotic Expansions
In this appendix we review the construction of the asymptotic charges for non-Abelian
gauge theory. We follow [26, 50, 63, 69, 70] and the review [28]. In order to understand the
asymptotic symmetries one must impose fall-off conditions compatible with the equations
of motion and which allow for relevant solutions. We consider Lorenz gauge, which in our
coordinates is,
−∂u(r2Ar)− ∂r(r2Au − r2Ar) + γzz¯(∂zAz¯ + ∂z¯Az) = 0 (B.1)
and impose the conditions at null infinity (r, t→∞, u = t− r = const)
Az = Az(u, z, z¯) +O(r−1) , Az¯ = Az¯(u, z, z¯) +O(r−1)
Ar = 1
r2
Ar(u, z, z¯) +O(r−3) , Au = 1
r
Au(u, z, z¯) +O(r−2) . (B.2)
The corresponding condition on the field strength component is
Fru = r−2Fru +O(r−3) with Fru = −(Au + ∂uAr) (B.3)
which using the u-component of the field equations, satisfies
∂u(Au + ∂uAr)− γzz¯∂u(∂zAz¯ + ∂z¯Az) =
−igYMγzz¯([Az¯, ∂uAz] + [Az, ∂uAz¯]) + gYMj(2)u (B.4)
where ju = j
(2)
u /r2 +O(r−3). Hence one finds
Q =
∫
I+−
r2d2z γzz¯
aFaru (B.5)
giving the expressions (2.13) and (2.14).
Alternatively, one can then impose the following conditions on the falloffs of the non-
Abelian gauge fields at large-r [71][72]
Au = 1
r2
A(2)u (u, z, z¯) +
log(r)
r
A˜(1)u (u, z, z¯) +
log(r)
r2
A˜(2)u (u, z, z¯) +O
(
log(r)
r3
)
Ar = 1
r2
A(2)r (u, z, z¯) +
log(r)
r2
A˜(2)r (u, z, z¯) +O
(
log(r)
r3
)
Az = A(0)z (u, z, z¯) +
1
r
A(1)z (u, z, z¯) +
log(r)
r
A˜(1)z (u, z, z¯) +O
(
log(r)
r2
)
(B.6)
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and use the freedom in the residual gauge transformations at order 1r to set Au(u, z, z¯) = 0.
From (B.6) we get the leading components for the field strengths
Faur =
1
r2
[
∂uA
a,(2)
r − A˜a,(1)u
]
+
log(r)
r2
[
∂uA˜
a,(2)
r + A˜
a,(1)
u
]
+O
(
log(r)
r3
)
Fauz = ∂uAa,(0)z +O
(
1
r
)
Farz =
1
r2
[
−Aa,(2)z + A˜a,(1)z − ∂zAa,(2)r + gYMfabcAb,(2)r Ac,(0)z
]
+
+
log(r)
r2
(
−A˜a,(1)z − ∂zA˜a,(2)r + fabcA˜b,(2)r Ac,(0)z
)
+O
(
log(r)
r3
)
Fazz¯ = ∂zAa,(0)z¯ − ∂z¯Aa,(0)z + gYMfabcAb,(0)z Ac,(0)z¯ +O
(
1
r
)
(B.7)
so that the radiation flux is non zero and finite on I+ as required ([50]). The equations of
motion imply the following constraint equations on I+ at O(1) in the large-r expansion
−∂uA˜a,(1)u + ∂2uAa,(2)r = (B.8)
−γzz¯
[
∂u(∂z¯A
a,(0)
z + ∂zA
a,(0)
z¯ ) + gYMf
abc
(
A
b,(0)
z¯ ∂uA
c,(0)
z −Ac,(0)z ∂uAb,(0)z¯
)]
+ gYMj
a,(2)
u
and
2(∂uA
a,(1)
z − ∂uA˜a,(1)z ) + ∂z(∂uAa,(2)r + A˜a,(1)u )− gYMfabc∂u(Ab,(2)r Ac,(0)z ) (B.9)
− gYMfabcA˜b,(1)u Ac,(0)z − ∂z
(
γzz¯(∂zA
a,(0)
z¯ − ∂z¯Aa,(0)z + gYMfabcA˜b,(0)z Ac,(0)z¯ )
)
+ gYMf
abc
[
−Ab,(2)r ∂uAc,(0)z + γzz¯Ab,(0)z
(
∂z¯A
c,(0)
z − ∂zAc,(0)z¯ + gYMf cdeA˜d,(0)z¯ Ae,(0)z )
)]
= gYMj
a,(2)
z
and
− ∂uAa,(2)r − A˜a,(1)u + γzz¯(∂zAa,(0)z¯ + ∂z¯Aa,(0)z ) = 0 (B.10)
whereas at order O(log(r))
2∂uA˜
a,(1)
z − 2∂zA˜a,(1)u
− gYMfabc
(
∂uA˜
b,(2)
r A
c,(0)
z + A˜
b,(1)
u A
c,(0)
z + A˜
b,(2)
u A
c,(0)
z + A˜
b,(2)
r ∂uA
c,(0)
z
)
= 0 . (B.11)
In these expressions we have used that the currents have the following decay properties
ju = O
(
1
r2
)
jr = O
(
1
r3
)
jz, jz¯ = O
(
1
r2
)
. (B.12)
Just as before (B.8) can be used to rewrite the charge as in (2.13) and (2.14). One can also
use retarded radial gauge or radiation gauge and at least at leading order one ultimately
finds the same expressions for the charge.
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C Coherent State Operators
It is worth reviewing briefly here the properties of the leading-IR generalized coherent state
operators which follow from the definition (5.2) (see [18, 20, 38]).
• Unitarity Using the property of the displacement operators
[Πa(q),Πb(q′)] = 0 (C.1)
one can show that the coherent state operators satisfy
UpEαβ UpE,†βγ = δαγ . (C.2)
• Coherent states for different partons commute with each other Different generalized
leading coherent eigenstates for different partons commute with each other, again due
to (C.1):
[UpEαβ ,UqEα′β′ ] = 0 . (C.3)
• Gauge transformation Under the linearised gauge transformation
aµ(q) → aµ(q) + qµΛ(q) (C.4)
the coherent state operators transform as
UpE → UpEe−taΛ¯a (C.5)
where
Λ¯a =
∫ E
λ
d˜q (Λa(q)− Λa†(q)) . (C.6)
This implies that dressed hard oscillators are invariant under linearised gauge trans-
formations.
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